Circles in Circles: Creating a Mathematical
Model of Surface Water Waves
Katherine Socha

1. INTRODUCTION: WAR, WATER, AND WAVES
An air-sea battle. During the month of June in the year 1943, an Italian supply ship
had the misfortune to encounter a British submarine, the United. The United, barely
visible at point A in the photograph shown in Figure 1, fired its torpedoes at the Italian
ship; some of these torpedoes missed, passing beyond the frame of the photograph
(D), but some struck the ship, near the center of the photograph (B). The ship lost control of its rudder and steamed around erratically before ultimately sinking at point C.
During the ship’s struggle, an Italian airplane attempted to bomb the United, creating
an explosion at E. Shortly after the brief encounter, a passing RAF fighter pilot on re-

Figure 1. Surface water waves from a WWII sea battle. Source: Personal communication, Dr. A. D. Kirwan,
University of Delaware.
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connaissance in his Spitfire1 snapped this photograph, which is now legendary in fluid
dynamics circles. The United was not damaged and returned safely to port.
This photograph is fascinating for scientific as well as historical reasons. Its most
striking features are the patterns of circular wavefronts visible at the edges of the frame
and around point E. The motion of such surface water waves has been the subject of
scientific and mathematical study for hundreds of years.
For comparison, examine the photograph of raindrops on a slow-moving portion of
the Red Cedar River, on the campus of Michigan State University, shown in Figure
2. Observe the qualitative difference between these waves and those in Figure 1. The
battle photograph shows larger wavelengths toward the outside of the rings, indicating
that these waves have traveled further (hence, faster) than the inner waves of shorter
wavelengths. The raindrops photograph clearly shows larger wavelengths toward the
inside of the rings, indicating that these waves have traveled more slowly than the outer
waves of shorter wavelengths.

Figure 2. Surface water waves from raindrops. Source: E. Scheller and K. Socha.

It is fascinating that the same physical impetus (an object striking the water surface) can generate qualitatively opposite behavior. This particular wave motion is an
example of dispersion, where wave speed depends on wavelength. The waves resulting
from an impact on a surface are dispersive, spreading away from each other over time.
In general, wave theory also includes the study of nondispersive waves such as waves
on a vibrating string or sound waves in air or water. See, for example, [1] or [15] for
further study.
Gods and giants: A selective history of water waves. For millennia, humans have
sought to understand ocean behavior through an amazing capacity—the capacity to
recognize patterns. From mystical models of the behavior of the gods to modern mathematical models of the consequences of physical laws, humans have desired at least
to predict, and at best to influence, the behavior of the ocean surface and the closely
related behavior of the weather. An early example of one such effort comes to us
from the prelude to the epic saga of the siege of the ancient city Troy. As described
by Aeschylus in the play Agamemnon [2], Agamemnon attempted to create favorable
1 See http://www.spitfire-museum.com/ for more about these historic airplanes. A simple image
search on the internet turned up over 50,000 hits for images of the Spitfire fighter.
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sailing conditions through the ritual sacrifice of his own daughter, Iphigenia, to the
Greek goddess Artemis. Modern attempts to influence the atmospheric gods fall more
into the categories of predict-and-avoid (as in meteorology: “Hurricane coming!”) or
predict-and-manage (as in ocean engineering: “Build the breakwater here!”).
The use of modern mathematics in the form of partial differential equations to understand ocean phenomena goes back to the Swiss mathematician Leonhard Euler. In
1755, Euler created a physically and mathematically successful description of the behavior of an idealized fluid. These Euler equations are still being studied today, 250
years after their first use. In 1821, Claude Navier added to Euler’s description a realistic property of water (called viscosity; see section 2 of this paper) to derive what are
now called the Navier-Stokes equations. In 1845, Sir George Gabriel Stokes rederived
the Navier-Stokes equations, placing them on a sound theoretical foundation. Remarkably, this 150-year-old system of equations is the starting point for most modern fluid
dynamics studies. As testimony to the importance of the Navier-Stokes system, the
Clay Mathematics Institute recently posed analysis of this system as one of its famous
Millennium Problems. The problem is to develop mathematical theory to determine
if smooth, physically reasonable solutions to the Navier-Stokes equations exist.2 A
prize of one million dollars awaits the successful solver of this challenging problem in
theoretical fluid dynamics.
Over the years, many different models have been created to describe different kinds
of surface wave motion. One fascinating modern line of research has centered on the
study of solitons, waves that propagate with constant speed and constant shape. In
1834, British scientist John Scott Russell was watching a barge being towed along a
canal between Glasgow and Edinburgh. On its sudden stop, Scott Russell observed just
such a wave, the first recorded observation of what is also called a solitary wave. Scott
Russell followed the wave for nearly a mile, until it lost coherence near a bend in the
canal, and ten years later [25] he reported on the experiments that this phenomenon
had inspired him to perform. These experiments led to scientific controversies during
the late 1800s, ultimately resolved with the work of Boussinesq during the 1870s (see
[4], for example) and Korteweg and de Vries [12] through their derivation of the nowfamous Korteweg-deVries (KdV) equation. Study of this equation, originally derived
to model a large wavelength, small amplitude surface water wave, has led to a wealth
of research (thousands of papers about KdV are listed on MathSciNet), forging connections to fields such as plasma physics and leading to the development of powerful
mathematical tools such as inverse scattering theory.
One fascinating feature of the study of fluid dynamics is that fluid motion can exhibit qualitative differences at different scales—deep water versus shallow water, large
wavelength versus small wavelength, and so on. Real-world observation of such qualitative differences helps establish credibility of mathematical models of surface wave
phenomena.
Goal and outline. The goal of this paper is to present an exposition of a classical
development of a mathematical model for waves such as those shown in Figure 1.
The reader may naturally object that the photograph barely reveals any information,
since it is a projection of a three-dimensional surface into two dimensions. This is a
reasonable concern, but ultimately the reader will discover that the salient features of
this situation can be captured as a consequence of a simple mathematical model of
surface wave motion.
In section 2, a boundary value problem is derived to model surface wave motion.
The boundary value problem is followed, in section 3, by an introduction to some basic
2 See
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concepts related to the study of waves that will refine the discussion and lead to the
solution of the boundary value problem. In section 4, an approximate solution of the
boundary value problem (minus one boundary condition) is derived. Section 5 presents
the derivation of a crucial relationship between the temporal behavior of the model
(represented by a variable called the angular frequency ω) and the spatial behavior
of the model (represented by the physical wavelength λ)—this equation is called the
dispersion relation. The dispersion relation is studied in two cases—capillary waves
(dominated by surface tension) and gravity waves (neglecting surface tension). In section 6, the dispersion relations in these two cases are analyzed. The analysis yields
qualitatively different descriptions of wave speed in terms of wavelength. Section 7
considers a few lessons to be learned from this exercise in modeling.
2. POSING THE PROBLEM
Finding a governing equation. The variables in which we develop the model are
sketched in Figure 3, showing the coordinate x- and z-axes, positioned so that the
z-axis points in the vertical direction with the undisturbed water level at z = 0. Assume that the y-axis points into the page. Also assume that the fluid lies below an
infinite layer of still air. The depth h of the fluid is taken to be finite and constant
below the undisturbed surface, and the free surface of the water is described as a perturbation about z = 0. In this context, the word “perturbation” means that the unknown
free surface may be described by a function z = η(x, y, t) assumed to be as smooth
as necessary and that both η and its first spatial derivatives are small (in a sense to be
discussed later). Qualitatively, the free surface does not vary far from the undisturbed
surface. The goal is to determine a functional description of this surface, which of
course is driven by the motion of the water below it. The motion of every point inside
the water is described by the velocity field u(x, y, z, t) = (u 1 , u 2 , u 3 ), where u 1 , u 2 ,
and u 3 are all functions of x, y, z, and t. Subscripts x, y, z, and t indicate partial differentiation with respect to these variables. Occasionally, the familiar Leibnitz forms
such as ∂φ/∂t are used for emphasis.

Figure 3. Sketch of context, indicating variables.

There are three primary assumptions about the water and its motion:
1. The water is inviscid.
2. The flow is irrotational.
3. Water is neither created nor destroyed within the fluid.
March 2007]

A MATHEMATICAL MODEL OF SURFACE WATER WAVES

205

The first of these assumptions means that the water offers no resistance to shear forces.
Qualitatively, imagine sliding your hand across the surface of an inviscid fluid like
water—it’s easy, but sliding your hand across the surface of a viscous fluid like honey
is hard work. The honey “fights back” with resistance to the shear force. The water
does not “fight back” and offers no resistance to the shear force. More precisely, for
an arbitrary surface S inside an inviscid fluid the force on the fluid within S due to the
fluid outside S acts only in the normal direction. This assumption simplifies the model
equations to be developed and corresponds fairly well with the physical reality that
water is not very viscous.
The second of our primary assumptions can be expressed mathematically in terms
of the velocity field by the equation
∇ × u = 0,
where ∇ = (∂x , ∂ y , ∂z ) is the vector of spatial derivatives. Not all fluid flow is irrotational, but in many surface wave models the assumption of irrotational flow reasonably
represents the physical situation. The aim here is to describe waves propagating across
the surface of a fluid behaving “nicely.” Notice that this does not prohibit individual
particles from tracing out circular paths. Rather, the standard qualitative analogy describing irrotational flow is that an “infinitesimal paddle wheel” placed at any point in
the fluid will not revolve about its axis.3
The third assumption is the physical statement that the vector field is incompressible:
∇ · u = 0.

(1)

Air is compressible, as scuba divers well know; water is not very compressible. By
a standard theorem from vector calculus, if ∇ × u = 0, then there exists some scalar
function φ(x, y, z, t) such that u = ∇φ. Combining this definition of φ with equation
(1) yields ∇ · ∇φ = 0, so that our second and third assumptions result in the Laplace
equation
φ = 0,

(2)

that is, φx x + φ yy + φzz = 0.
Thus, the somewhat vague problem of determining the unknown surface behavior
through determining the unknown velocity field u has been reduced to the more precise
problem of solving (2), a second-order partial differential equation for φ, from which
one can reconstruct u. The form of the particular solution φ depends on the boundary
conditions that characterize this surface wave problem. The next task is to pose such
boundary conditions as are reasonable for the context of surface water waves over an
ocean floor.
Before proceeding with this task, we make the simplifying assumption that all motion in the problem is uniform in the y-direction. Of course, this is not the case in the
ocean snapshot shown in Figure 1; however, this assumption simplifies the calculations
greatly. Amazingly, the model still yields results that aid analysis of the ocean problem. Hence, the rest of this paper will study the velocity field u(x, z, t) = (u 1 , u 3 ),
with velocity potential φ(x, z, t) satisfying φx x + φzz = 0 and free surface given by
z = η(x, t).
3 Exploring the collection of java applets available at http://www.coastal.udel.edu/faculty/rad/
may help make this point more clear. The interested reader may wish particularly to sample the Linear Wave
Kinematics link.
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Determining boundary conditions. A physically reasonable assumption is that water
does not flow through the solid bottom surface. This can be restated in terms of the
velocity field: the vertical component of velocity is zero when z = −h. Recalling that
u = (u 1 , u 3 ), we require


= 0.
u3
z=−h

Since u = ∇φ = (φx , φz ), this boundary condition becomes

∂φ 
= 0.

∂z 
z=−h

The dynamic boundary condition realizes the physical fact that there is a pressure
jump across the free water surface z = η(x, t) that depends on surface tension. As
developed in [1], we begin with a form of Euler’s equation of motion for an irrotational
flow of velocity u = ∇φ and pressure p of a fluid with density ρ, under the influence
of gravity g:


∂u
∂
p 1 2
=
+ u + gz ,
(3)
(∇φ) = −∇
∂t
∂t
ρ
2
where the shorthand notation u2 = u · u is standard in fluid dynamics. This form of
Euler’s equation is derived naturally from Newton’s second law of motion, which states
that the sum of the forces balances the mass times acceleration. Integration of (3)
spatially leads to


p 1 2
∂φ
+
+ u + gz = f (t),
(4)
∂t
ρ
2
where f (t) is the time-dependent integration “constant.” Equation (4) is called the
Bernoulli equation for unsteady, irrotational flow. Absorbing the function f (t) into
the velocity potential φ allows us to rewrite the equation as
∂φ
p 1
+ + u2 + gz = 0.
∂t
ρ
2
(Notice that reconstruction of u = ∇φ is independent of f (t).) Under the assumption
of small velocity, this equation can be linearized (i.e., the very small term u2 may be
neglected) to the equation
p
∂φ
+ + gz = 0.
∂t
ρ

(5)

In the context of the motion of the free surface z = η, the pressure difference across
this surface is represented by the difference of the pressure immediately below the
surface and the atmospheric pressure immediately above the surface. With still air
above the water, the pressure pa exerted by the air on the surface is constant. After
applying a simple change of variables, we may assume that pa = 0. The pressure
difference must be balanced by the surface tension force σ , which acts tangentially.
This translates to
p = p − pa = −σ κ,
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where κ is the curvature of the surface. Thus, the linearized Bernoulli equation (5)
evaluated at the free surface z = η becomes
∂φ σ
− κ + gη = 0
∂t
ρ

(z = η).

(6)

From multivariable calculus, we recall that the one-dimensional form of curvature
is
κ=

ηx x
≈ ηx x
[1 + ηx2 ](3/2)

for small slopes ηx .4 Then equation (6) becomes
σ
∂φ
+ gη − ηx x = 0
∂t
ρ

(z = η).

(7)

Equation (7) nicely relates the unknown velocity potential φ to the unknown free
surface η, but the condition is imposed at the varying and unknown free boundary
z = η. This varying boundary makes the boundary value problem difficult to solve,
hence it is helpful to approximate the condition at a known boundary. If the waves
have small amplitude (that is, η is small compared with the depth, as before)
 and the
velocity potential is sufficiently smooth, then we can approximate ∂φ/∂t z=η by the
first term in its Taylor series centered at 0:
∂φ 
∂ ∂φ 
∂φ 
∂φ 
=

 +
 η + ··· ≈
 .
∂t z=η
∂t z=0 ∂ z ∂t z=0
∂t z=0
Substituting this linear approximation into equation (7) yields the dynamic boundary
condition
∂φ
σ
+ gη − ηx x = 0,
∂t
ρ
which now is applied at a known surface, namely, the one given by z = 0.
The kinematic boundary condition expresses the physical assumption that the velocity at each point of the surface must be identical to the velocity of the water at that
point. In a more general case (where η and ηx are not both small), the motion of the
surface should match the component of the fluid velocity that is normal to the surface. In our simplified model problem, where both η and ηx are small, the kinematic
boundary condition is approximated by matching vertical behaviors:
•
•

∂η
.
∂t
The velocity of the water at the surface is u(x, η, t).
The velocity of the surface η at (x, t) is

For these velocities to agree in the vertical direction requires simply that ∂η/∂t =
u 3 z=η . In terms of the potential function φ, this condition is that

∂φ 
∂η
=
.
∂t
∂ z z=η
4 Scaling and nondimensionalization arguments (such as used in this approximation for κ) are essential
tools in developing mathematical models. See [11] for a nice discussion of these topics.
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Again, using the first term in the Taylor series for ∂φ/∂ z z=η to approximate with

∂φ/∂ z z=0 gives

∂η
∂φ 
=
,
∂t
∂ z z=0
which is the kinematic boundary condition.
The boundary value problem. The work in the previous sections formulates a
boundary value problem for the velocity potential φ:
φ = 0;

(8)

∂φ
= 0 (z = −h);
∂z
∂φ
σ
= ηx x − gη (z = 0);
∂t
ρ
∂η
∂φ
=
∂z
∂t

(z = 0).

(9)
(10)
(11)

This represents a great deal of progress. However, there is one major difficulty with
the formulation of this boundary value problem for φ: it depends on η, which is also
unknown! At this point, it is natural to make assumptions about the shape of this wavy
free surface, in hopes that a reasonable assumption for the form of η will lead to a
solution for φ.
Tyrants and two-layer systems. Notice one key element of the boundary value problem expressed in (8)–(11): it assumes that the fluid under the freely moving surface
is uniform in consistency all the way down to the solid ocean bottom. In reality, of
course, the ocean’s structure is very complex, and the ocean’s surface behavior is not
strictly independent of this internal structure. The ocean’s complicated structure generates phenomena whose explanation has troubled humanity for centuries.
In ancient Greece (c. 600 BC) the tyrant Periander sent off, by ship, dispatches
regarding the sons of selected influential families—these dispatches ordered that the
boys be castrated. Midway through this journey, while under full sail, the ship halted
abruptly, coming to a dead stop despite the best efforts of its crew. According to the
historian Pliny [23], the cause was a kind of mollusk that attached itself to the hull,
stopping the ship and saving the sons: “. . . the shell-fish that rendered this service are
worshipped in the shrine of Venus at Cnidus.”5 The becalming of ships has plagued
sailors throughout the ages, leading to myths of Remora fish (similar to Pliny’s alleged
good samaritan mollusk) or even mere freshwater “sticking” to ship hulls and slowing
or completely stopping ships.
Navigators have encountered similar phenomena, particularly in Norwegian fjords,
throughout centuries at sea. The phenomenon was eventually explained scientifically
as the effect of resistance created at the internal boundary between a layer of fresh,
low-density water atop a deep layer of salty, high-density water. Under the right circumstances, a ship’s attempt to progress through such a physical setting can generate
huge internal waves beneath the ocean surface, along the interface between the fresh
5 Pliny,

Book IX, page 217.
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and the salty waters. These waves can increase in size as the ship exerts greater force in
order to traverse the layered region, creating a situation in which the greater the ship’s
effort, the greater the drag. For more information about this excursion into oceanographic history, we refer readers to [19].
While not part of the present study of waves at an air-water interface, this ocean
situation provides a lovely example of the use of an eigenvalue problem in the context
of a mathematical model. See [8, chap. 6] for details of this problem.
3. SOME BASIC WAVES CONCEPTS. The most elementary way to represent a
wave is the familiar cosine function,


2π
η0 (x) = a cos
x .
λ
In this form, the quantity a is called the amplitude, and it represents half the vertical
distance between a peak and a trough. The wave completes one full cycle as the quantity 2π x/λ goes from 0 to 2π, meaning as x goes from 0 to λ; hence, the wavelength
is λ. These quantities are sketched in Figure 4. Set k = 2π/λ: this is called the wave
number. Note that k is nonnegative. Although it appears to be unnecessary notation, in
fact the wave number (and the wavelength) will play a crucial role in our analysis of
both our model and the wave behavior in the photograph.

Figure 4. A sketch illustrating wave notation.

To describe waves that travel in time, we use simple translation, taking as a model
η(x, t) = a cos(k(x − ct)).
This wave has been translated a distance of ct units in t time units. In other words, at
time t = 0 the form is η(x, 0) = a cos(kx), while after time t the form is a right shift
of a cos(kx) by the amount ct; hence, the translation speed is the constant ct/t = c.
Thus, it is natural to define c as the wave speed (also called the phase speed). This
expression can be rewritten as
η(x, t) = a cos(kx − ωt),
where the argument kx − ωt is called the phase. The quantity ω = ck is the angular
frequency, giving η(x, t) one full cycle as ωt passes through the interval [0, 2π]. Note
that the units of angular frequency ω are 1/time and the units of wave number k are
210
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1/length. Accordingly, the units of c = ω/k really are units of velocity, length per
time.
In general, one would not expect a single cosine wave to be sufficient to describe
the complicated motion exhibited in Figure 1. An interesting related problem is to
study the superposition (linear combination) of cosine waves. This kind of a superposition represents the phenomenon of wave packets or group waves, an effect that
is actually observed by oceanographers (see, for example, [14] and [17] for discussions of this phenomenon and its mathematical model). Hence, a reasonable approach
is to take sums of cosines as the framework of a model of surface wave behavior, as
Fourier analysis suggests. However, a surprising feature of the simple model of linear
wave theory being developed here is that such a general representation of waves is not
needed to address the problem of comparing Figure 1 and Figure 2.
4. APPROXIMATE SOLUTION OF BVP
Choosing η. While there exist qualitative differences in the solutions of wave equations between even and odd dimensions, one may try to describe a small portion of the
surface in Figure 1 as a one-dimensional problem. This idea motivates a representation
of the shape of the free surface η by
η(x, t) = a cos(kx − ωt) = a cos(k(x − ct))

(12)

where k = 2π/λ is the wave number defined in terms of the wavelength λ, c = ω/k
is the wave speed, and ω is the angular (or circular) frequency of the traveling cosine
waves. As noted in the previous section, such cosines form the basis for a Fourier
series expansion (of traveling waves).
The velocity potential. Taking a standard separation of variables approach, we write
φ(x, z, t) = F(x, t)Z(z). Boundary condition (11) requires φz = ηt when z = 0.
Thus,
F(x, t)Z  (z) = [a cos(kx − ωt)]t

(z = 0)

so
F(x, t)Z  (0) = aω sin(kx − ωt).
This suggests substituting
φ(x, z, t) = sin(kx − ωt)Z(z)
into the governing partial differential equation, φx x + φzz = 0. Immediately, we discover that
−k 2 sin(kx − ωt)Z(z) + sin(kx − ωt)Z  (z) = 0,
which leads to an ordinary differential equation in z, namely,
Z  − k 2 Z = 0.
The theory of ordinary differential equations gives the general solution of this secondorder, constant coefficient equation:
Z(z) = Aekz + Be−kz .
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The boundary condition (9) forces the function Z to obey Z  (−h) = 0, implying that
Ae−kh − Bekh = 0 and that Z can be rewritten as
Z(z) = B(e−kz + e2kh ekz ).
Applying the kinematic boundary condition (11) and the definition of η given in equation (12) to the now-modified φ(x, z, t) = sin(kx − ωt)Z(z) yields
ωa sin(kx − ωt) = sin(kx − ωt)[−k B(1 − e2kh )],
whence
B=

ωa
−ωa
=
k(1 − e2kh )
k(e2kh − 1)

and
Z(z) =

ωa
(e−kz + e2kh ekz ).
− 1)

k(e2kh

The function Z captures the nonoscillatory behavior of the velocity potential, as
this potential depends on the wavelength λ through k = 2π/λ. Notice that the larger
wavelengths allow deeper (in z) velocity effects.6
This calculation of Z(z) determines the form of the velocity potential φ to be
φ(x, z, t) = sin(kx − ωt) ·

ωa
(e−kz + e2kh ekz ).
− 1)

k(e2kh

(13)

While this may not be the most beautiful formula in all of mathematics and physics,
it has one marvelous property: it is a closed-form expression! The assumptions led to
an explicit solution φ in terms of angular frequency and wave number. Since the governing partial differential equation and boundary conditions are linear, a superposition
(linear combination) of such solutions φ for different ω and k will also be a solution
of the boundary value problem. Notice, however, that the dynamic boundary condition was not used to calculate the solution φ. This suggests that the dynamic boundary
condition will impose further structure on the form of the solution φ.
5. THE DISPERSION RELATION
Surface tension effects. Surface water waves that satisfy the dynamic boundary condition (10) are waves that are strongly affected by surface tension. Such waves are
called capillary waves. Capillary waves may be created, for example, by raindrops
striking a puddle or a pond (see Figure 2). According to Kundu [14, p. 207] these
waves are of small wavelength, only a couple of centimeters under typical conditions.
Imposing the dynamic boundary condition (10) on the general solution φ from equation (13) with η = a cos(kx − ωt) forces
−ω cos(kx − ωt) ·

ωa
σ
(1 + e2kh ) = −ak 2 cos(kx − ωt) − ga cos(kx − ωt)
− 1)
ρ

k(e2kh

6 Again, the reader may refer to http://www.coastal.udel.edu/faculty/rad/ for an illustration of
the decay of velocity effects with depth and the qualitative differences in this phenomenon as wavelength is
varied.
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to hold. As a result,
σ
ω2 (1 + e2kh )
= k 2 + g.
2kh
k (e − 1)
ρ
A little algebra leads to a relationship between ω and k called the dispersion relation
for the boundary value problem:


2
2σ
ω =k g+k
tanh(kh).
(14)
ρ
Hence, any function φ of the form (13) must relate the wave number and the angular
frequency according to the capillary waves dispersion relation (14).
Gravity effects. At certain scales, the effect of gravity on the motion of the surface
is so strong that the effect of surface tension is negligible by comparison. In this case,
the dynamic boundary condition (10) is reasonably approximated by
∂φ
= −gη
∂t

(z = 0).

This approximation of the dynamic boundary condition leads to a different form of
the dispersion relation between ω and k. With φ given by equation (13) and η(x, t) =
a cos(kx − ωt), the dynamic boundary condition (10) yields


ωa
−kz
2kh kz 
(e + e e ) = −ga cos(kx − ωt).
−ω cos(kx − ωt) 2kh

k(e − 1)
z=0

In this case,
ω2 1 + e2kh
·
= g,
k e2kh − 1
so again, after after some algebraic manipulation, we arrive at
ω2 = gk tanh(kh),

(15)

which is the dispersion relation for the boundary value problem in the case of gravity
waves.
6. CONSEQUENCES OF DISPERSION. Obtaining dispersion relations between
the wave number k and the angular frequency ω might not, at first glance, seem to
provide much information about the waves in Figure 1. However, recall the definitions
from section 3: the wave speed c is given by c = ω/k, while the wave number is
inversely proportional to the wavelength, k = 2π/λ. Dispersion relations thus lead to
descriptions of wave speed as functions of wavelength. Both of these quantities can be
estimated from the still photographs!
For the capillary wave case we obtain from equation (14):
 
 


σ
1
σ
1
ω
cσ = =
k g + k2
tanh(kh) =
g + k2
tanh(kh)
k
k
ρ
k
ρ



4π 2 σ
2π h
λ
g+ 2
tanh
.
=
2π
λρ
λ
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For the gravity wave case, we obtain from equation (15):

1
g
ω
tanh(kh)
cg = =
gk tanh kh =
k
k
k

2π h
gλ
=
tanh
.
2π
λ
Approximations from dispersion relations. Two more approximations are helpful.
First, we assume that the wavelengths are small relative to the depth, so that the quantity h/λ is large and
tanh(2π h/λ) ≈ 1.
Second, we assume that the effect of gravity is much smaller than the effect of surface
tension for small-sized capillary waves. If so, then


 
λ
2πσ
4π 2 σ
cσ ≈
,
(16)
g+ 2
≈
2π
λρ
λρ

gλ
cg ≈
.
(17)
2π
The approximate relations in (16) and (17) provide a way to analyze the photograph in Figure√1. Notice that the speed of waves dominated by gravity is directly
proportional to √λ, whereas the speed of waves dominated by capillarity is inversely
proportional to λ. The approximate solution of the mathematical model boundary
value problem captures the qualitative difference observed in the photographs: in the
gravity-dominated case (Figure 1), waves of larger wavelengths travel faster; and in
the capillarity-dominated case (Figure 2), waves of larger wavelengths travel slower.
Remarkably, the same physical situation generates qualitatively different wave speed
functions according to the difference in scale.
7. A LITTLE MORE
About modeling. The central lesson from this modeling exercise is that even fairly
crude models may capture essential features of a physical situation, at least qualitatively. It is also surprising that, despite the many simplifying approximations, the
model describes this qualitative difference in enough detail to be measured convincingly. In fact, the author has used the WWII photograph and a raindrops photograph
as an exercise to help precalculus students understand the value of function descrip√
tions and, particularly,
to understand the qualitative difference between f (x) = 1/ x
√
and g(x) = x. This exercise helped the students learn about the predictive power of
mathematical models in a context that they could actually see.
With a little additional data, we could even estimate the lag between the time at
which the bomb at point E in Figure 1 exploded and the time at which the photograph
was taken. For example, under the assumption that the length of the freighter at point
C is approximately one hundred meters, we could establish a length scale in the photo
and estimate the wavelength of the leading (longest) waves produced by the explosion.
Then we would estimate the distance from the center of the explosion to the leading
edge of the wave front it generated. Using this distance measurement together with the
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approximate wave speed for the gravity wave case, equation (17), we would be able to
determine travel time (distance divided by wave speed). To carry out this project, we’d
need only good eyes and a finely marked ruler.
For further study. There are many small problems in the study of classical water
wave theory that can add richness and depth to subjects such as vector calculus, differential equations (ordinary and partial), and linear algebra. These problems may inspire
further readings in historical and modern mathematical studies of fluids problems.
The model problem developed in this paper studies dispersive waves. Further study
of this problem through circular waves (see [11]) provides a nice application of Bessel
functions. Nondispersive phenomena such as sound waves or waves on a vibrating
string (see, for example, [13] or [1]) are also fascinating areas of study.
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A Short Proof of the Cayley-Hamilton Theorem
Let Mn denote the set of n × n matrices with complex entries, and let M̂n ⊂ Mn
be the subset of matrices which have n distinct eigenvalues. Since our main argu2
ment is topological in nature, we identify the set Mn with the space Cn with its
usual topology. If A ∈ Mn , let ϕ(A; λ) be its characteristic polynomial. We must
prove that ϕ(A; A) is the zero matrix for every A ∈ Mn . Since this is trivial for
A ∈ M̂n , we extend the proof to Mn by observing that the function A → ϕ(A; A)
is continuous and that M̂n is dense in Mn . Since ϕ(A; λ) = det(A − λI ), the coefficients of ϕ(A; λ) are polynomials in the entries of A, implying that the matrix
ϕ(A; A) depends continuously on A. The density of M̂n in Mn follows from the
facts that the discriminant D(A) of ϕ(A; λ) is zero if and only if A ∈ M̂n and
that D(A) is a polynomial in the coefficients of ϕ(A; λ), and therefore also a
polynomial in the entries of A.
—Submitted by Ludvik Janos, Claremont, CA
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